Abstract. Generalizing the results of [6] , [3] and [7] , we define an adelic version of the Maass space for hermitian modular forms of weight k regarded as functions on adelic points of the quasi-split unitary group U(2, 2) associated with an imaginary quadratic extension F/Q of discriminant D F . When the class number h F of F is odd, we show that the Maass space is invariant under the action of the local Hecke algebras of U(2, 2)(Qp) for all p ∤ D F . As a consequence we obtain a Hecke-equivariant injective map from the Maass space to the h F -fold direct product of the space of elliptic modular forms M k−1 (Γ 0 (D F )).
Introduction
In 1977 Saito and Kurokawa [8] conjectured that cusp forms in S 2k−2 (SL 2 (Z)) can be lifted to Siegel modular forms of weight k and that this lifting is Heckeequivariant in an appropriate sense. This conjecture was proved in a series of papers by Maass [9] , Andrianov [1] , and Zagier [13] , and later reformulated and proved using the language of representation theory by Piatetski-Shapiro [10] . In the 1980s Kojima [6] and Gritsenko [3] proved the existence of a similar lifting from the space of modular forms of level 4 and non-trivial character to the space of hermitian modular forms. The group U(2, 2) for which the hermitian modular forms were defined was associated with the extension Q(i)/Q. Following [6] we will refer to the image of this lifting as the Maass space and to the lifting itself as the Maass lifting. In 1991 Krieg [7] extended the results of [6] and [3] to imaginary quadratic fields and showed Hecke-equivariance of the Maass lifting for a certain family of Hecke operators living in the local Hecke algebra at p, for p any inert prime. As [6] , [3] and [7] all treated hermitian modular forms as classical objects (i.e., as functions defined on a higher-dimensional analogue of the complex upper half-plane), their methods did not yield Hecke-equivariance of the lift under the action of local Hecke algebras at split primes, except when the class number of F was one ( [3] ).
In this article we define an adelic version of the Maass space by imposing a condition on the Fourier coefficients of hermitian modular forms regarded as functions on U(2, 2)(A) (Definition 5.1). In fact our definition reduces to that of Krieg's when the class number of F is one. We also show that the adelic Maass space, which we denote by M k , is invariant under the action of local Hecke algebras at all primes p not ramified in F/Q (Theorem 6.1).
To prove Hecke-equivariance of the Maass space we assume that the class number h F of F is odd, and in that case we show that M k is isomorphic to h F copies of Krieg's Maass space (Proposition 5.9), hence we obtain a lifting from
Definitions
Let F be an imaginary quadratic field with ring of integers O F . We denote by Cl F the class group of F and set h F := # Cl F . For any affine group scheme X over O F and any Z-algebra A, we denote by x → x the automorphism of (Res OF /Z X)(A) induced by the non-trivial automorphism of F/Q. Note that (Res OF /Z X)(A) can be identified with a subgroup of GL n (A ⊗ O F ) for some n. In what follows we always specify such an identification. Then for x ∈ (Res OF /Z X)(A) we write x t for the transpose of x, and set x * := x t andx := (x t ) −1 . Moreover, we write diag(a 1 , a 2 , . . . , a n ) for the n × n-matrix with a 1 , a 2 , . . . a n on the diagonal and all the off-diagonal entries equal to zero.
To the extension F/Q we associate the quasi-split unitary group
where J n = −In In and I n stands for the n × n identity matrix. For q ∈ Res OF /Z GL n/OF , we set p q :=∈ U(n, n). We will also write G for U (2, 2) and J for J 2 . For a prime ideal p of F , let F p denote the completion of F with respect to the valuation induced by p. Set
Note that if p is inert or ramified in F , then F p /Q p is a degree two extension of local fields and a → a induces the non-trivial automorphism in Gal(F p /Q p ), while if p splits in F , then F p ∼ = Q p × Q p , and a → a corresponds on the right-hand side to the automorphism defined by (a, b) → (b, a). We denote the isomorphism Q p × Q p ∼ − → F p by ι p . For a matrix g = (g ij ) with entries in Q p × Q p we also set ι p (g) = ((ι p (g ij )). For a split prime p the map ι
Denote by A (resp. A f , A F , A F,f ) the ring of adeles of Q (resp. finite adeles of Q, adeles of F , finite adeles of F ). For an adele a, we write a f for its finite part.
Note that K is a maximal compact subgroup of G(A f ). For any rational prime p, we denote by j p the canonical embedding G(Q p ) ֒→ G(A).
Let M n denote the additive group of n × n matrices. Set
For a matrix h = (h p ) p ∈ T A , and a prime p, set
Note that since h ∈ T A , we have ǫ p (h) ≥ 0 for every p.
Some coset decompositions
To shorten notation in this section we put U n = U (n, n). It is well-known (see e.g., [2] , Theorem 3.3.1) that for any finite subset B of GL n (A F,f ) of cardinality h F with the property that the canonical homomorphism c F defined as the com-
We will call any such B a base. We always assume that a base comes with a fixed ordering, so in particular if we consider a tuple (f b ) b∈B indexed by elements of B, and apply a permutation σ to the elements f b , we do not consider the tuples (f b ) b∈B and (f σ −1 (b) ) b∈B to be the same. Put H := {a ∈ Res OF /Z G m/OF | aa = 1}, and let ϕ : Res OF /Z G m/OF → H be defined by ϕ(a) = a/a. Here G m denotes the multiplicative group. [12] , Lemma 5.11 (4) . We will show the other containment. Every element of ϕ(O × F,p ) can be written as a/a for some a ∈ O × F,p . For such an a, set x a := diag(a, 1, 1, . . . , a −1 , 1, 1, . . . ), where a −1 is on the (n + 1)st position. We certainly have x a ∈ U n (Z p ) and det x a = a/a. 
In the notation of Lemma 8.14 of [12] , we have D = U n (R)U n (Ẑ). By part (3) of that lemma, the map x → det x defines a bijection between U n (Q) \ U n (A)/D and H(A)/H(Q) det D. Set U 0 (in the notation of part (4) of that lemma) to be C ×Ô× F . Then part (4) of that lemma asserts that ϕ gives an isomorphism of A
Corollary 3.3. If (h F , 2n) = 1 a base B can be chosen so that for all b ∈ B the matrices b and p b are scalar matrices and bb
Proof. It follows from the Tchebotarev density theorem, that elements of Cl F can be represented by prime ideals. Since all the inert ideals are principal, Cl F can be represented by prime ideals lying over split primes of the form (p) = pp. Let Σ be a representing set consisting of such ideals p. As (2n, h F ) = 1, the set Σ 2n consisting of elements of Σ raised to the power 2n is also a representing set for Cl F . Moreover, as pp is a principal ideal, p = p −1 as elements of Cl F , hence Σ ′ := {p n p −n } p∈Σ also represents all the elements Cl F . Elements of Σ ′ can be written adelically as α
, where p appears on the p-th place and p −1 appears at the p-th place. Set b p = α p I n . Then we can take B = {b p } p n p −n ∈Σ ′ and we have p bp = α p I 2n . It is also clear that bb
Hermitian modular forms
From now on let k be a positive integer divisible by #O
In particular if h F is odd we can take C = {p b } b∈B for any base We clearly have
Similarly, every f ∈ M k possesses a Fourier expansion, i.e., for every q ∈ GL 2 (A F ), and every h ∈ S(Q) there exists a complex number c f (h, q) such that one has
for every σ ∈ S(A). Here e A is defined in the following way. Let a = (a v ) ∈ A, where v runs over all the places of Q.
, where y is a rational number such that a v − y ∈ Z p . Then we set e A (a) = v e v (a v ). Definition 4.2. Let B be a base. We will say that q ∈ GL 2 (A F ) belongs to a class b ∈ B if there exist γ ∈ GL 2 (F ), q ∞ ∈ GL 2 (C) and κ ∈ K ′ such that q = γbq ∞ κ. Lemma 4.4. Suppose r ∈ GL 2 (A F ) and q ∈ GL 2 (A F ) belong to the same class and
Proof. It follows from the proof of part (4) of Proposition 18.3 of [12] , that
where
As is easy to see (cf. for example the Proof of Lemma 10.8 in [12] ),
The Lemma follows from combining (4.3) with (4.4).
The Maass space
Definition 5.1. Let B be a base. We say that f ∈ M k is a B-Maass form if there exist functions c b,f : Z ≥0 → C, b ∈ B, such that for every q ∈ GL 2 (A F ) and every h ∈ S(Q) the Fourier coefficient c f (h, q) satisfies
Remark 5.2. Note that by [12] , Proposition 18. 
The other equality is proved in the same way.
Corollary 5.5. If q ∈ GL 2 (A F ) and r ∈ GL 2 (A F ) are in the same class, and . Let q = γbxκ = (γx, γbκ) ∈ GL 2 (C) × GL 2 (A F,f ), where γ ∈ GL 2 (F ), x ∈ GL 2 (C) and κ ∈ K ′ . Then by Lemma 4.4,
Since condition (5.1) is satisfied for (h, b), we know that
The claim now follows since ǫ(b * γ * hγb) = ǫ(q * f hq f ) by Corollary 5.5 and det(γ 
Suppose f is a B-Maass form, i.e., there exist functions c b,f for b ∈ B, such that for every q and h,
Our goal is to show that there exist functions c b ′ ,f for b ′ ∈ B ′ , such that for every q and h,
We have
Then it follows from (5.4) that We now recall the definition of Maass space introduced in [7] . We will refer to it as the G(Z)-Maass space. Consider the space M k (G(Z)) of G(Z)-hermitian modular forms of weight k. We say that φ(Z) = h∈T c φ (h)e 2πitr (hZ) ∈ M k (G(Z)) is a G(Z)-Maass form if there exists a function α φ : Z ≥0 → C such that for every h ∈ T , one has
Proof. Since the Maass space is independent of the choice of a base B by Proposition 5.7, we may choose B as in Corollary 3.3. The map Φ B :
Then using (4.3), and the fact that the matrices b commute with h and b
. By Proposition 5.6 this implies that f is a Maass form.
Invariance under Hecke action
It was proved in [7] that the G(Z)-Maass space is invariant under the action of a certain Hecke operator T p associated with a prime p which is inert in F . On the other hand Gritsenko in [3] proved the invariance of the G(Z)-Maass space under all the Hecke operators when the class number of F is equal to 1. In this section we show that if the class number of F is odd, then the Maass space M M k is in fact invariant under all the local Hecke algebras (for primes p ∤ D F ).
6.1. The Hecke algebra. From now on assume that h F is odd. Let p be a rational prime and write K p for G(Z p ). Let H p be the C-algebra generated by double cosets K p gK p , g ∈ G(Q p ) with the usual law of multiplication (cf. [12] , section 11). If 
We will only present the proof in the case when p splits in F/Q. For such a prime p the invariance of M M k under the action of H p follows from Lemma 6.2 and Propositions 6.7, 6.10 and 6.11 below. If p is inert one can proceed along the same lines, however, it is the case when p splits that is essentially new. Indeed, if p is inert, the elements of H p respect the decomposition (4.1), hence the statement of the theorem reduces to an assertion about the action of H p on M k (G(Z)). Then the method used in [3] can be adapted to prove the theorem. See also Theorem 7 in [7] which proves the invariance of the G(Z)-Maass space for a certain family of Hecke operators in H p .
Let p be a prime which splits in F . Write (p) = pp. Recall that G(Q p ) ∼ = GL 4 (Q p ), and an element A of G(Q p ) can be written as
Lemma 6.2. The C-algebra H p is generated by the operators T p , T p , U p , ∆ p and their inverses.
Proof. This follows from the theory of Hecke algebras on GL 4 (Q p ).
6.2. Diagonalizing hermitian matrices mod p n . We begin by proving an analogue of Proposition 7 of [7] for a split prime p. 
In fact it is enough to prove the following lemma.
Lemma 6.4. Proposition 6.3 holds if T is replaced by the subgroup of hermitian matrices inside
Proof. Without loss of generality we may assume that ǫ(h) = 1. Let (M, M t ) be the image of h under the composite
with α = 0 mod p. 
Proof. This follows from an analogous decomposition for GL 4 (Q p ).
Let g = T p f . Then for q ∈ GL 2 (A F ) and σ ∈ S(A), we can write
Define the following matrices
For a = 0, 1, . . . , p, set α a = ι p (α ′ a ) ∈ GL 2 (F p ). Lemma 6.6. One has the following formula
Proof. This is a straightforward calculation using Lemma 6.5. The claim is now clear.
Descent
Assume that h F is odd. Let χ F be the quadratic Dirichlet character attached to the extension F/Q. For a positive integer n, set a F (n) = #{α ∈ (iD
Let B be a base as in Corollary 3.3. Proof. This follows immediately from [7] , Theorem 6 and formula (4) using our assumption on B and (4.3).
where we have used the fact that ǫ(h) = ǫ h 
